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Abst rac t - -We will be concerned with the focal boundary value problem (-1)'~An[p(t)Any 
(t - n)] ---- f(h,t,y(t) . . . . .  An-ls/(t)), Ail/(0) = A'~+ill(b+ 1) ---- 0, 0 _< i _< n -- 1. Using cone theory 
in a Bausch space, we show that under certain Bumptioas on f, this focal boundary value problem 
has two positive solutions. In the special case --A21/(t- 1) ---- h2[ya(t) +I/B(t)], g/(0) -- Ay(b+ 1) ---- 0, 
where 0 < ¢~ < 1 < fl, we are able to exhibit upper and lower bounds for thee two pceitive solutions. 
(~ 1998 Elsevier Science Ltd. All rights reserved. 
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Consider the 2n th order nonlinear differential equation 
(--1)" [.P(x)z(")(x)] (n) = F (x, z(x), zt(x),... ,z("-l)(x)) , O) 
for x E [c,d], where P (z )  > 0 on [c,d~. Let b _> n be an integer and part i t ion the interval [c,d] 
into b + 2n subintervals where we define the part i t ion points by 
zt  -- c + th, 
for t in the discrete interval [0, b + 2,] - {0,1, 2, . . . ,  b + 2n}, where h = (d - c ) / (b  + 2n) is the 
length of each subinterval. Assume z(x) is a solution of (1) on [c, ~ and assume t E [n, b + n], 
setting z -- xt in (1), we obtain 
Let A be the forward difference operator defined by 
Ay(t)  = y(t + 1) - y(t). 
Then, we have 
(-1~" a - [pzc~x~ - .)] 
hn 
~ F (x t ,  z (z t ) ,  z '  (x~), . . . , z (n -1)  (z t )  ) . 
Approximating again, we get that 
(1) "~'[PCxt-")~"zCxt-")] / ~ ~zCxt )  
hn" ~F  "" h"-I ] "  
Wype~ by .4~-TF_~X 
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Set 
for 0 _< t < b+ 2n, 
for 0 <_ t < b+n and 
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y(t )  = z (x t ) ,  
p(t) = P(xt )  > 0, 
Y2 Yn ) 
f (h , t ,  y l , . . .  ,Yn) = h2nF x t ,Y l , -~ , . . . ,  h ,_  1 , 
for h > 0, n < t < b + n, y~ E R, 1 < i < n. This leads us to the difference quation 
(-1)"AnCp(t)~ny(t - n)) = f (h, t, yCt),... ,  An-iyCt)).  (2) 
We will be concerned with the focal type boundary conditions 
A~y(0)  = 0, 0 < i < n - 1, (3) 
An+~y(b+ 1) = 0, 0 < i < n -  1. (4) 
Our main concern is proving the existence and giving bounds on positive solutions of this bound- 
ary value problem. The methods used depend on the theory of operators on a cone; the books of 
Guo and Lakshmikantham [1] and Krasnoselskii [2] are good references. Related papers include 
those of Erbe, Hu and Wang [3], Erbe and Wang [4], Hankerson and Peterson [5], Merdivenci 
[6--8] and Peterson [9]. Throughout, we assume the following. 
HYPOTHESIS HI. 
f (h , t ,  y l , . . . , yn)  : (0, oo) X [n,b+n] × (R+) n ~ R +, 
where R + = [0, c~). 
Green's function G(t, s) of the boundary value problem 
(-1)"An[p(t  - n)Any(t  - n)] = O, 
Aiy(0) = 0, 0 < i < n -  1, 
An+iy(b+ 1) = 0, 0 < i < n -  1, 
exists and is given by [8] 
(t - r - 1 )  ( " -1 )  (s - r - 1 )  ( " -1 )  
vffit~l 0 - - - - ( ?Z  - -  1)[ (n - 1)Ip('r) ' t - 1 < s - n, 
G(t,s)  = 
:~=: (t ~ - 1)~"-1~ (s - r - 1)~ ~-1) 
(n - l ) !  (n--1)!p(T) ' s - -n<t - -1 ,  
where re(n) is the factorial expression defined by 
m(") = mCm - 1)(m - 2) . . .  (m - n + 1). 
Green's function satisfies [8] the following properties: 
AJG( t , s )>O,  fo r t• [O,b+2n- j ] ,  s• [n ,b+n] ,  O<j<n-1 ,  (5) 
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and 
G(t,s)>_ aG(b+2n, s) fo rn_<t~b+l ,  . _~s<b+. ,  
where 
[p ~-~ (b "F 2" - "r - 1)(n-1)(b "{"" - "r - 1)(n-1) ] -1 
a -= (0) (~- -  1).--~(n --- 1)!p(r) " 
"r~0 
We will make the mild assumption that 
(6) 
(z) 
b p(0) ~ (b + 2 .  - 7" - 1)(n-1)(b +.  - 7" - 1) (n-l) 
I"=0 
(. - 1)!(. - 1)!p(r) 
> 1. (8) 
Note that (8) holds if p(t) - 1. It follows from (7) and (8) that 
0<a<l .  
Additional assumptions on f which we will sometimes assume include the following. 
HYPOTHESIS H2. There is a positive number ho such that 
rb+n ] - I 
O< f(h,t, Y l , . . . ,yn)< L~___nG(b+ 2n, s) , 
fo rO< h < ho, 0 < Yl < 1, 0 < Yh < x-,L~/2J . . . .  2 < k <. ,  where is the bino   
coefficient k choose j and Lk/2J is the integer part of k/2. 
HYPOTHESIS H3. 
lhn f (h , t ,  y l , . . .  ,y . )  OO~ 
Yl "*0 + ~]I 
for h > 0, t E [., b + n], 0 < Yk < ~"[k/2J k - - j=o  (k -2 j ) ,  where 2 < k < . .  
HYPOTHESIS H4. 
lira f(h,t, y l , . . . ,y . )  ~ co~ 
Y l  " *~ Y l  
for each t E [., b + .], h > O, 0 <_ y~, 2 < k < ..  
In the proof of Theorem 1 and 2 define 
X -- {y: [0, b+ 2.]  - ,  R + I A 'y (o )  = o, o < i < .  - 1, A'~+'y(b + 1) = 0, 0 _< i _<. - I} .  
Define a norm on X by 
Ilyll = max I~(t)l, t~[O,b+an] 
then X is a Banach space with this norm. 
Next define a cone 7) in X by 
7)= {y ~ X I A#yCt) > O for O < t < b + 2n - j and mln ~(t)>-Ilvll} 
- -  n<t<b+l - -  ' 
where a is given by (7). It is easy to check that 7) is a cone [1,2] in X. 
Finally, for each h > 0, define the operator Ah on X by 
b+n 
...4h~(t ) = ~ act , 8)f ($, ~(")~, A~(8)~,. •., ~n-1~($)) ,j 
dl~n 
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for t E [0, b + 2n]. Then, Ah is a completely continuous operator and Ah is a positive operator, 
that is Ah : P ---} P. (The proof [8] of this uses (6)). 
If Xh is a solution of (2)-(4) such that xh E P, then we say xh is a positive solution of (2/-(4). 
We next state and prove an existence theorem for positive solutions of (2)-(4). 
THEOREM 1. Assume H1-H3 hold, then for each 0 < h < h0, the boundary va/ue problem (2)-(4) 
has a positive solution xh with 0 < Ilxhll < 1. 
PROOF. Let p > 0 and let 8p he the sphere of radius p defined by 
89 = {y e x :  Ilyll = p}. 
Let y E P N 81 and assume 0 < h < h0, where h0 is given in H2. Then, 
b+n 
IIAhyIt = max E G(t,s)f (h,s,y(s),Ay(s),.. An-ly(s)) 
0<t_<b+2n " ' 
$ n 
b+n 
= ~ a(b + 2n, ~lf (h, s, y(s), Ay(s), . . . ,  A~-ly(s)) ,  
$ n 
(9) 
by (5). 
Since y E P N ,91, IIYH = 1, and A~y(t) > 0, 0 < b + 2n - i, 0 < i <_ n - 1. It follows that 
Li/2J ( i )  -- 2j o < a'y(t) < ~ . 
j=O 
Hence, using H2, we get from (9) that 
IIAhYll < 1 = II~/II. 
Summarizing if 0 < h < h0 and y E :P N 81, then, 
IIAhYll < II~II. 
Next, we would like to find for each 0 < h < h0 an r = r(h) < 1 such that if y E P N 8~, then, 
IIAhyll > IIYlI. 
To see this, first pick M(h) sufficiently large so that 
M(h) > b+l  
a ~-:.ffin G(b + 2n, s)" 
By Hypothesis Ha, for each 0 < h < ho, there is an r = r(h) < 1, so that 
f (h,  t, ~11,..., ~]n) ~-- M(h)y l ,  (lo) 
for t E In, b + n], 0 < Yx < r(h), 0 < yk < x-,Lkl2J . . . .  z ~j=o (k-2j), where 2 _< k <_ n. 
Hence, if y E ~P N St, then, 
~t-t'# 
max G(t, (h,s, arCs),. .,a"-lycs)) IIAhYll = telO,b+2nl ~ s)f 
b+n 
= ~ G(b + 2n, s)! (h, s, ~(s), Z~y(s),..., A"-ly(s)) 
$~n 
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b+n 
>- E a(b + 2n, s)M(h)y(s) 
$ n 
b+l  
>- }2 G(b + 2., s)M(h)y(s). 
8 n 
Since y E 9, 
Hence, from above, 
Using (9), we get that 
y(t) > ollyll. 
n<t<b+l 
be1 
llAhll > M(h)allYll Z G(b + 2n, s). 
8 n 
IIAhYll > Ilyll- 
Summarizing, we have for each 0 < h < h0, if y E 9 =' N St(h), then, 
IIA,',ull > Ilyll. 
Hence, by Theorem 2.3.4 [1], for each 0 < h < h0, there is a Yh E 9 with 
r(h) < Ilyhll < 1, 
which is a fixed point of Ah. But this implies that for each 0 < h < ho, Yh is a positive solution 
of the boundary value problem (2)-(4) and the proof is complete. II 
THEOREM 2. Assume that H1, H2, and H4 hold, then for each 0 < h < ho, the boundary value 
problem (2)-(4) has a positive solution xh with llxhll > 1. 
PROOF. Let ho be as in Hypothesis H2. In the proof of Theorem 1, we proved that for each 
0 < h < ho if y e 9 n $1, then, 
IIAh~lt < 1 = IlYlI. 
We will now prove that for each 0 < h < ho, there is a R = R(h) > 1 such that if y e P n tR, 
then, 
IIAhtJll > RCh) = IlYlI" 
To this end, for each 0 < h < ho, pick M(h) sufficiently large so that 
1 
M(h) > b-i-1 " (11) 
a ~'~,=0 G(b + 2n, s) 
Using Hypothesis H4, we have for each 0 < h < ho, there is an R(h) > 0 such that 
f(h, t, yt, . . . ,  yn) >_ M(h)yl, (12) 
for each t E [n,b + n], YI >_ R(h), 0 <_ y~, 2 < k < n. 
Assume 0 < h < h0, 9 E 9 n tR(h) and consider 
b+n 
IIAhyll = max . ~ G(t, s)!  (h, s, ~(s), ~yCs),. . . ,  N" - ly (s ) )  
t~lO,b+nnJ +ffi~ 
b+n 
= EG(b  + 2n, s)f (h,s,y(s),Ay(s),... ,An-ty(s)). 
$ =ffi n 
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Using (12), we get that 
b+n 
IlAhyll > ~ G(b ÷ 2n, s)M(h)y(s) 
$ n 
b+l 
>- E G(b ÷ 2n)M(h)y(s). 
$~Et  
Since y E 7 ), 
b-i-n 
IIAhy[[ >- allyHM(h) E G(b + 2n, s). 
Using i l l ) ,  we get the desired result 
IIAhYll > bl l  = R(h). 
Hence, by Theorem 2.3.4 [1], we have that for each 0 < h < ho, there is a Yh E ~ with 
1 < IlYhH < R(h), 
such that Yn is a fixed point of Ah. But then, Yh is a positive solution of the boundary value 
problem (2)-(4) and the proof is complete. | 
Next, we would like to consider a special case of the focal boundary value problem (2)-(4) where 
we can find bounds on the positive solutions guaranteed by Theorems 1 and 2. In particular, we 
consider the focal boundary value problem 
-A2y(t - i) = h 2 [ya(t) + y#(t)], (13) 
y(O) = ay(b + I) = 0, (14) 
where we assume 0 < a < 1 </~ and 
(b + 2) (2) > a ÷___.22 (15) 
a 
In [1], the differential equation -y"(x) = ya(x) ÷ y~(x) is studied. 
THEOREM 3. H0 < a < 1 </3 and (15) holds, then for 0 < h < x/(b ÷ 2) (2), the foca/boundary 
va/ue problem (13),(14) has two solutions yl(t) >_ O, y2(t) _> 0 on [0, b + 2] satisfying 
rh < b i l l  < i < b211 < Rh, 
where 
k~(b ÷ 2) }1/(I-a) 
rh = h2 (b + 1)a-1(O~ ÷ 2) ' (16) 
( 1 (b-{-I)~-I(]~-{-2)) I/(~-I) 
Rh = if2 k~(b + 2) ' (17) 
where kl = [((b + 2)(2)a)/(a + 2)J and k2 = L((b + 2)<2)~)/(~ + 2)j for those h such that rh < 
1 <Rh. 
PROOF. In this case, we axe interested in Green's function for the boundary value problem 
-Azy( t  - i) = o, 
y(o) = Av(b  + I) = 0, 
Bounds for Positive Solutions 105 
which is given by 
= ,l" t, t _< s, 
G(t, 8) 
t 8, s <_ t, 
for t • [0,b+ 2], s • [1,b+ 1]. 
Let k he an integer in [1,b+1] to be chosen later in this proof. For k < t < b+2, I < s < b+l ,  
~7--cG(t's) { t ,  t < s, _ b+l'k ---- 8 -- > - -  
t~[s,s) 1, 8 < t, 
Then, if we define 
we get that 
k 
a= b+l '  
min G(t,s) > aG(s,s),  
tE[1,b+l] 
for 1 < s < b + 1. (If k = 1, this would be the same a as given by (7).) 
In this proof set, 
X = {y: [0, b+21 -~ R :  y(0) = ~y(b+ 1) = 0}. 
Then, X with the norm I1" II defined on X by 
Ilyll = max{Mt) l  : 0 < t < b + 2} 
is a Banach space. Define the cones P and Pq by 
P = {y • X :  y(t) >_ 0 on [0, b + 2]}, and 
'~---- {~•"~:  k<t<b+ll~n yCt) >filial[}.__ 
Finally, for each h > 0, define the operator Ah on X by 
b+l 
Ahy(t) = E G(t, s)h 2 [y~(8) + y#(8)], 
8=1 
for 0 < t < b + 2. Let ,$p for p > 0 be as in the proof of Theorem 1. 
Let y • P fq S1, then, 
b+l 
IIAhYll = max ~-" G(t, s)h 2 [ya(s) + y~(s)] 
[O,b+2] 
b+l 
< Z sh2 [ya($) + y/~(8)] < h 2 {IlYI[" + IlYll/~} (b + 2) (2) 
- -  - -  2 
$=1 
= h2(b + 2) c2) < 1 = IlYlI, 
by (15). 
Now, assume y E Pa and consider 
b+l 
IIA,',Yll = max '~"~aCt, s)h 2 [~'(s)  + y~Cs)] 
tE[O,b+2] s--1 
b+l b÷l 
= ~ sh ~ [y"(s) + y0(s)] _> ~ 8h2 {y-(,) + y~(~)}. 
• ----1 S~k 
lO6 
Since Y E ~, ,  
Hence, 
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min y(t) > allvll. 
tElk,b+l] - -  
7] 
h2 h2 
> 
Motivated by the two expressions in the braces, we define the functions f and g of the continuous 
variable z by 
f(z) = z a [(b + 2) (2) - x2], 
g(z) = z" [(b + 2) (2) - x2]. 
From elementary calculus, f has a maximum at 
~ .(b + 2)(2)~ ~+2 ' 
and g a maximum at 
z2 - / ~(b + 2)(2)]~ 
8+2 
Let kl = LXlJ and k2 = [z2J be as in the statement of this theorem. Note, that kl _> 1 and 
k2 > 1 because of assumption (15). 
First, let V E ~vct A Srh, where ~I = kl/(b + 1) and rh is given by (16). Then, by (18), 
h2 
HAhyH > 2(b + 1) ar~k~ [(b + 2) (a, -k [  2,] 
h 2 [ ] h 2 (b + 2) (2) 
>2(b+l )  ar~k~ (b+ 2) (2 ) - z l  2) =2(b+1)  ar~k~ ~+ 2 
h 2 b+2 
(b + 1)a-Xr (l-a) a + 2 rh -- rh [[y[[, 
by (16). 
Finally, let y E P¢2 N 8R~, where e2 = k2/(b + 1) and Rh is given by (17). Then, by (18), 
h21) a'~h~2~a~'a [ 2)(~.) k(2)]. []AhVH > 2(b+ t (b + - 
h2 ~Rffk~ [(b+ 2) (2) -x  (2)] = h2 ~ ~(b+ 2) (2) 
>- 2(b+1) 2(b +1)~ Rhk2 -~'~ 2 
h2R~h -x ~b+ 2 
----  (b + 1)~ - t  k2 ~-~Rh = Rh = IMI, 
by (17). Assuming rh < 1 < Rh and 0 < h < x/(b + 2)(2), we get by Theorem 2.3.4 [1], Ah has 
two fixed points Yl E Pot, Y2 E ~-2 such that 
,'h < Ilwll < 1 < 11~211 </Zh.  (19) 
It follows that Yl, Y2 are solutions of the boundary value problem (13),(14) with 
Vl(O >_ 0, v2(t) >_ 0, 
on [0, b + 2] satisfying (19). [ 
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